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Abstract
The initial classification of fusion rules have shown that rational
conformal field theory is very limited. In this paper we study the
fusion rules of extended current algebras. Explicit formulas are given
for the S matrix and the fusion rules, based on the full splitting of
the fixed point fields. We find that in some cases sensible fusion rules
are obtained, while in others this procedure leads to fractional fusion
constants.
1
1 Introduction
The fusion rule algebra [1, 2, 9] have been studied extensively [2-10], since
it seems to play an important role in the classification of the rational con-
formal field theories. In this paper we concentrate on the fusion rules of the
extended chiral algebra, namely: we investigate the fusion rules of the WZW
theory [9] on the non-simply connected manifolds SU(n)/Zm at levels
∗
k = nr for n odd, (1.1.a)
k = 2nr for n even, (1.1.b)
since for these levels the chiral algebra is an extension of the usual current
algebra. Here Zm is the subgroup of the center and n = mp, where p is a
positive integer.
The primary fields of the WZW model may be labeled by the highest
weight representations of the horizontal Lie algebra. Let the fundamental
weights of SU(n) be λi. Then the highest weights are given by
Λ =
n−1∑
i=1
miλi, (1.2)
wheremi are nonnegative integers (Dynkin labels). The set of the integrable
representations [9] at the level k is denoted by Pk,
Pk = {mi; 0 ≤
∑
i
mi ≤ k} (1.3)
.
Let us denote by S˜, the modular matrix describing the behavior of the
characters of the ordinary diagonal SU(n)k theory under modular transfor-
mation τ → − 1
τ
. The fusion coefficients of these models will be denoted
by NΛ3Λ1Λ2 , where Λj ∈ Pk. The technic for the calculation of N
Λ3
Λ1Λ2
was
developed in [9, 12]. The modular matrix of the corresponding quotient
SU(n)/Zm model will be denoted by S without tilde and its fusion coeffi-
cients are denoted by HΛ3Λ1Λ2 . Let σ be external automorphism and C charge
conjugation whose action on Dynkin labels is defined by:
σ(m1,m2, ...,mn−1) = (k −
∑
j mj ,m1, ...,mn−2),
C(m1,m2, ...,mn−1) = (mn−1,mn−2, ...,m1)
(1.4)
∗We will denote these levels generically by k⋆
2
The partition function of S(n)k⋆/Zm quotient models is given by
Z =
∑
λ∈Pk⋆
λ singlets of Zm
n
nσλ
|
∑
σ
χσλ|
2, (1.5)
where σ is external automorphism, nσλ is the length of the orbit generated
by the action of σ on λ.
Let R be the fixed point of σ i.e. σR = R, so that at the levels k = k⋆
we have:
R =
k⋆
n
ρ, (1.6)
where ρ is the sum of fundamental weights of SU(n)
ρ =
n−1∑
i=1
λi =
1
2
∑
α>0
α, (1.7)
where α are the simple roots of SU(n).
For the reasons which will become clear later we will distinguish two
cases: i) n-odd, ii) n-even.
2 Fusion rules of SU(n)nr/Zn for n -odd
As a first example we consider the case when m = n and n is odd prime
number.
The generalized characters are given by
chλ =
∑
σ
χσλ, λ 6= R (2.1)
the corresponding primary field is denoted by φλ, where λ is horizontal
highest weight of some representative of the orbit generated by the action
of σ on λ. The character corresponding to the fixed point R appears in
the partition function with the multiplicity n, and in order to distinguish
between n corresponding primary fields we introduce additional quantum
number j = 1, ..., n, these fields are denoted by φRj .
The modular matrix is given by [10, 11]
3
S =


nS˜µ,ν S˜µ,R1 S˜µ,R2 ... S˜µ,Rn
S˜R1,ν x z ... z
S˜R2,ν z x ... z
... ... ... ... ...
S˜Rn,ν z z ... x


, (2.2)
where S˜µ,Rj = S˜µ,R. Note that the S matrix given above is restricted to
Zn-singlets sector i.e. µλ1 = integer.
It is easy to show that S˜µ,R = 0 when µλ1 6= integer, indeed using the
relation [13] S˜µ,σν = e
2πiµλ1 S˜µ,ν one has:
S˜µ,σR = e
2πiµλ1 S˜µ,R = S˜µ,R = 0, µλ1 6= integer. (2.3)
The previous observation enables us significantly to simplify the calcu-
lations: using the corresponding identities for the diagonal SU(n)k⋆ models
we project them onto Zn singlets sector, using Eq.(3). In order to calculate
x and z we use the following equations:
(ST )3 = S2 = C, SS† = 1, (2.4)
where C is charge conjugation matrix (C2 = 1) and T is the matrix of the
modular transformation τ → τ + 1 that is given by
Tµ,ν = δµ,νe
2πi(∆µ−
c
24
), (2.5)
where c is the central charge and ∆µ is the conformal weight of the primary
field φµ which is given by
∆µ =
(µ, µ+ 2ρ)
2(k⋆ + n)
. (2.6)
More explicitly from Eqs.(4) we have:
∑
ν 6=R
νλ1=integer
νmodσ
nS˜µ,νS˜ν,R = −(x+ (n− 1)z)S˜µ,R = −S˜µ,RS˜R,R, (2.7)
where the second equality is obtained from the similar equation for the
diagonal SU(n)k⋆ theory:
∑
ν 6=R
S˜µ,νS˜ν,R + S˜µ,RS˜R,R = 0, µ 6= R (2.8)
4
and the fact that S˜µ,R = 0 when µ is not a singlet of Zn
†. Now from the
Eq.(7) we have
S˜R,R = x+ (n − 1)z. (2.9)
Taking the Rj , Rl entry in the matrix relation S
2 = C and assuming that‡
[C]Rj ,Rl = δj,l we have:
∑
ν 6=R
νmodσ
S˜R,νS˜ν,R + x
2 + (n− 1)z2 = 1, (2.10)
∑
ν 6=R
νmodσ
S˜R,νS˜ν,R + 2xz + (n− 2)z
2 = 0. (2.11)
From the Eqs.(10-11) it follows that
(x− z)2 = 1. (2.12)
Again taking the Rj , Rl component in the matrix relation (ST )
3 = C and
subtracting from it the relation which should hold for the diagonal SU(n)k⋆
theory, namely: (S˜,T˜ )
3
R,R = 1 we have:
S˜3R,R − n
∑
w,q=1,...,n
SRjRwSRwRqSRqRl = e
iπ( c
4
−6∆R)(1− n[C]Rj ,Rl), (2.13)
where ∆R is the conformal weight of the fields corresponding to the fixed
point R and c is the central charge:
c =
k(n2 − 1)
(k + n)
=
r(n2 − 1)
(r + 1)
, (2.14)
∆R =
(R,R+ 2ρ)
2(k + n)
=
r(r + 2)ρ2
2(k + n)
=
r(r + 2)(n2 − 1)
24(r + 1)
, (2.15)
where in the last equality ”strange” formula due to Freudenthal-de Vries
was used§. Using Eqs.(14-15) one may easily show that
eiπ(
c
4
−6∆R) = e−i
π
4
r(n2−1) = 1, (2.16)
†Note that the factor n appears in the sum in the Eq.(2.7) when we switch the sum-
mation over λ to be modulo σ
‡This assumption is confirmed later, see Eq.(13) and below.
§In the case of SU(n) this formula looks like ρ2 = n(n
2−1)
12
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for odd n. The left hand side of the Eq.(2.13) may be easily calculated:
S˜3R,R−n
∑
w,q=1,...,n
SRjRwSRwRqSRqRl = δj,l(x− z)
3+(1− δj,l)(n−1)(z−x)
3,
(2.17)
so that we conclude that x−z = 1 and [C]Rj ,Rl = δj,l as was assumed before.
Finally we will write down expressions for x and z:
x =
S˜R,R + n− 1
n
, z =
S˜R,R − 1
n
. (2.18)
The part of fusion rules of the SU(n)nr/Zn quotient models is quite
obvious:
φν × φµ =
∑
η 6=R
ηmodσ
∑
σ
Nσηνµφη +N
R
νµ
n∑
i=1
φRi , µ, ν 6= R. (2.19)
The most interesting part are the fusion rules between the fields corre-
sponding to the fixed point R. According to the Verlinde formula [2] the
fusion coefficients are given by:
HηR,R =
∑
µ6=R
µmodσ
S˜R,µS˜R,µS˜
†
η,µ
S˜0,µ
+
x2 + (n− 1)z2
S˜0,R
S˜η,R, (2.20)
HηR,R′ =
∑
µ6=R
µmodσ
S˜R,µS˜R,µS˜
†
η,µ
S˜0,µ
+
2xz + (n− 2)z2
S˜0,R
S˜η,R, (2.21)
where η 6= R. From the Eqs.(12,20,21) one may find
HηR,R −H
η
R,R′ =
(x− z)2S˜†η,R
S˜0,R
=
S˜†η,R
S˜0,R
, (2.22)
HηR,R + (n− 1)H
η
R,R′ =
∑
µ6=R
µmodσ
nS˜R,µS˜R,µS˜
†
η,µ
S˜0,µ
+
(x+ (n− 1)z)2S˜†η,R
S˜0,R
=
6
=
∑
µ6=R
µmodσ
nS˜R,µS˜R,µS˜
†
η,µ
S˜0,µ
+
S˜2R,RS˜
†
η,R
S˜0,R
=
∑
µ
nS˜R,µS˜R,µS˜
†
η,µ
S˜0,µ
= NηR,R, η 6= R.
(2.23)
Solving the Eqs. (2.22-2.23) we find
HηR,R =
NηR,R + f(η)(n− 1)
n
, (2.24)
HηR,R′ =
NηR,R − f(η)
n
, (2.25)
where we defined¶
f(η) =
S˜†η,R
S˜0,R
= e
2πi
n
(η+2ρ,ρ)
∏
α>0
1− e
2πi
n
(η+ρ,α)
1− e
2πi
n
(ρ,α)
. (2.26)
The rest of the fusion coefficients may be calculated using the same trick:
HRR,R =
∑
µ6=R
µmodσ
S˜R,µS˜R,µS˜
†
R,µ
nS˜0,µ
+
x3 + (n− 1)z3
S˜0,R
, (2.27)
HR
′′
R,R′ =
∑
µ6=R
µmodσ
S˜R,µS˜R,µS˜
†
R,µ
nS˜0,µ
+
3xz2 + (n− 3)z3
S˜0,R
, (2.28)
HR
′
R,R =
∑
µ6=R
µmodσ
S˜R,µS˜R,µS˜
†
R,µ
nS˜0,µ
+
x2z + z2x+ (n− 3)z3
S˜0,R
, (2.29)
From Eqs.(27,28,29) we have
3(n − 1)HR
′
R,R + (n− 2)(n − 1)H
R′′
R,R′ +H
R
R,R =
=
∑
µ6=R
µmodσ
nS˜R,µS˜R,µS˜
†
R,µ
S˜0,µ
+
S˜3R,R
S˜0,R
=
¶This identity may be proved directly using the expression for the S matrix and the
denominator identity
∏
α>0
(1−e−α)mult α =
∑
w∈W
ǫ(w)ew(ρ)−ρ, where W denotes Weyl
group and ǫ(w) is the sign of Weyl reflection.
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=
∑
µ
S˜R,µS˜R,µS˜
†
R,µ
S˜0,µ
= NRR,R, (2.30)
HRR,R −H
R′
R,R =
x+ z
S˜0,R
, HRR,R −H
R′′
R,R′ =
x+ 2z
S˜0,R
. (2.31)
Equations (30-31) determine HRiRj ,Rl completely:
HRR,R =
2− 3n + n2 − 3S˜R,R + 3nS˜R,R +N
R
R,RS˜0,R
n2S˜0,R
, (2.32)
HR
′
R,R =
2− n− 3S˜R,R + nS˜R,R +N
R
R,RS˜0,R
n2S˜0,R
, (2.33)
HR
′′
R,R′ =
2− 3S˜R,R +N
R
R,RS˜0,R
n2S˜0,R
. (2.34)
2.1 Example: Fusion rules of SU(3)k=3r/Z3
In this case the condition λλ1 = integer, translates for the Dynkin labels
into:
2m1 +m2 = 0mod3. (2.35)
The function f(η) ≡ f(m1,m2) defined in Eq.(26) is given by:
f(m1,m2) =


1 for m1 +m2 = 3p
0 for m1 +m2 = 3p+ 1
−1 for m1 +m2 = 3p+ 2
, (2.36)
where p is a non-negative integer. Using the explicit expression for the fusion
coefficients of the diagonal SU(3) models [15] one may show that at levels
k = 3r:
NRR,R = N
(r,r)
(r,r);(r,r) = r + 1. (2.37)
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By direct calculation one may show
S˜0,R =
1
r + 1
. (2.38)
Substituting Eqs.(37,38) into Eq.(33) we find:
HR
′
R,R = 0, (2.39)
HRR,R =
NRR,R + 2f(R)
3
, (2.40)
HR
′′
R,R′ =
NRR,R − f(R)
3
. (2.41)
We checked by computer that this result indeed holds for k = 3, 6, 9, 12, 15
SU(3)3/Z3
The partition function is given by:
Z = |χ(0,0) + χ(0,3) + χ(3,0)|
2 + 3|χ(1,1)|
2, (2.42)
The correspondence between primary fields and generalized characters is
shown below:
φ(0,0) ↔ χ(0,0) + χ(0,3) + χ(3,0)
φ(1,1), φ
′
(1,1), φ
′′
(1,1) ↔ χ(1,1)
(2.43)
Fusion rules are given by:
φ(1,1) × φ(1,1) = 1
φ′(1,1) × φ
′
(1,1) = 1
φ′′(1,1) × φ
′′
(1,1) = 1
φ(1,1) × φ
′
(1,1) = φ
′′
(1,1), etc.
(2.44)
SU(3)6/Z3
Z = |χ(0,0) + χ(0,6) + χ(6,0)|
2 + |χ(1,1) + χ(1,4) + χ(4,1)|
2 + |χ(3,3) + χ(3,0) + χ(0,3)|
2 + 3|χ(2,2)|
2.
(2.45)
Primary fields:
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φ(0,0) ↔ χ(0,0) + χ(0,6) + χ(6,0)
φ(1,1) ↔ χ(1,1) + χ(1,4) + χ(4,1)
φ(3,3) ↔ χ(3,3) + χ(3,0) + χ(0,3)
φ(2,2), φ
′
(2,2), φ
′′
(2,2) ↔ χ(2,2)
(2.46)
The fusion rules are given by:
φ(1,1)×φ(1,1) = 1 + 2φ(1,1) + 2φ(3,3) + φ(2,2) + φ
′
(2,2) + φ
′′
(2,2)
φ(1,1)×φ(3,3) = 2φ(1,1) + φ(3,3) + φ(2,2) + φ
′
(2,2) + φ
′′
(2,2)
φ(1,1)×φ(2,2) = φ(1,1) + φ(3,3) + φ
′
(2,2) + φ
′′
(2,2)
φ(1,1)×φ
′
(2,2) = φ(1,1) + φ(3,3) + φ(2,2) + φ
′′
(2,2)
φ(1,1)×φ
′′
(2,2) = φ(1,1) + φ(3,3) + φ(2,2) + φ
′
(2,2)
φ(3,3) × φ(3,3) = 1 + φ(1,1) + φ(3,3) + φ(2,2) + φ
′
(2,2) + φ
′′
(2,2)
φ(3,3) × φ(2,2) = φ(1,1) + φ(3,3) + φ(2,2)
φ(3,3) × φ
′
(2,2) = φ(1,1) + φ(3,3) + φ
′
(2,2)
φ(3,3) × φ
′′
(2,2) = φ(1,1) + φ(3,3) + φ
′′
(2,2)
φ(2,2) × φ(2,2) = 1 + φ(3,3) + φ(2,2)
φ(2,2) × φ
′
(2,2) = φ(1,1) + φ
′′
(2,2), etc.
(2.47)
This fusion ring is equivalent to the fusion ring of the SU(2)16/Z2 see
Sec.(4.1)
SU(3)9/Z3
The partition function is given by
Z = |χ(0,0)+χ(0,9)+χ(9,0)|
2+|χ(1,1)+χ(1,7)+χ(7,1)|
2+|χ(2,2)+χ(2,5)+χ(5,2)|
2+|χ(0,3)+χ(6,0)+χ(3,6)|
2+
|χ(3,0) + χ(0,6) + χ(6,3)|
2 + 3|χ(3,3)|
2. (2.48)
The primary fields are:
φ(0,0) ↔ χ(0,0) + χ(0,9) + χ(9,0)
φ(1,1) ↔ χ(1,1) + χ(1,7) + χ(7,1)
φ(2,2) ↔ χ(2,2) + χ(2,5) + χ(5,2)
φ(0,3) ↔ χ(0,3) + χ(6,0) + χ(3,6)
φ(3,0) ↔ χ(3,0) + χ(0,6) + χ(6,3)
φ(3,3), φ
′
(3,3), φ
′′
(3,3) ↔ χ(3,3)
(2.49)
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Fusion rules are given by:
φ(1,1) × φ(1,1) = 1+ 2φ(1,1) + φ(2,2) + φ(0,3) + φ(3,0)
φ(1,1) × φ(2,2) = φ(1,1) + 2φ(2,2) + φ(0,3) + φ(3,0) + φ(4,4) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(1,1) × φ(0,3) = φ(1,1) + φ(2,2) + φ(0,3) + φ(4,4)
φ(1,1) × φ(3,0) = φ(1,1) + φ(2,2) + φ(3,0) + φ(4,4)
φ(1,1) × φ(4,4) = 2φ(2,2) + φ(0,3) + φ(3,0) + 2φ(4,4) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(1,1) × φ(3,3) = φ(2,2) + φ(4,4) + φ
′
(3,3) + φ
′′
(3,3)
φ(2,2) × φ(2,2) = 1+ 2φ(1,1) + 5φ(2,2) + 2φ(0,3) + 2φ(3,0) + 5φ(4,4) + 2(φ(3,3) + φ
′
(3,3) + φ
′′
(3,3))
φ(2,2) × φ(0,3) = φ(1,1) + 2φ(2,2) + φ(0,3) + φ(3,0) + 2φ(4,4) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(2,2) × φ(3,0) = φ(1,1) + 2φ(2,2) + φ(0,3) + φ(3,0) + 2φ(4,4) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(2,2) × φ(4,4) = 2φ(1,1) + 5φ(2,2) + 2(φ(0,3) + φ(3,0)) + 4φ(4,4) + 2(φ(3,3) + φ
′
(3,3) + φ
′′
(3,3))
φ(2,2) × φ(3,3) = φ(1,1) + 2φ(2,2) + φ(0,3) + φ(3,0) + 2φ(4,4) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(0,3) × φ(0,3) = φ(2,2) + 2φ(3,0) + φ(4,4)
φ(0,3) × φ(3,0) = 1+ φ(1,1) + φ(2,2) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(0,3) × φ(4,4) = φ(1,1) + 2φ(2,2) + φ(3,0) + 2φ(4,4) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(0,3) × φ(3,3) = φ(2,2) + φ(0,3) + φ(4,4) + φ(3,3)
φ(3,0) × φ(3,0) = φ(2,2) + 2φ(0,3) + φ(4,4)
φ(3,0) × φ(4,4) = φ(1,1) + 2φ(2,2) + φ(0,3) + 2φ(4,4) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(3,0) × φ(3,3) = φ(2,2) + φ(3,0) + φ(4,4) + φ(3,3)
φ(4,4) × φ(4,4) = 1+ 2φ(1,1) + 4φ(2,2) + 2(φ(0,3) + φ(3,0)) + 4φ(4,4) + φ(3,3) + φ
′
(3,3) + φ
′′
(3,3)
φ(4,4) × φ(3,3) = φ(1,1) + 2φ(2,2) + φ(0,3) + φ(3,0) + 2φ(4,4) + φ
′
(3,3) + φ
′′
(3,3)
φ(3,3) × φ(3,3) = 1+ φ(2,2) + φ(0,3) + φ(3,0) + 2φ(3,3)
φ(3,3) × φ
′
(3,3) = φ(1,1) + φ(2,2) + φ(4,4) + φ
′′
(3,3)
(2.50)
The fusion rules of SU(3)12/Z3 models are given in the appendix.
The graphs whose incidence matrix is equal to Nφ(1,1) are shown at the
Fig.[1], where φ(1,1) corresponds to the character χ(1,1)+χ(k−2,1)+χ(1,k−2).
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k = 6 k = 9
k = 12 k = 15
Fig.1: Fusion graphs of the SU(3)k=3r/Z3 models. Here the left free end
of the graphs corresponds to the identity operator 1, charge conjugation
C(m1,m2) = (m2,m1) corresponds to the reflection under the horizontal
line. The fields φRj , j = 1, 2, 3 are sitting on the common base of the two
pyramids inside the internal circle.
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3 Generalization for the arbitrary odd m
If n is not a prime number there is an additional complication which may
arise due to appearance of the representations ζ with
1 < nσζ < n, (3.1)
it means that corresponding character will appear in the partition sum with
the multiplicity n
nσζ
and there will be n
nσζ
primary fields corresponding to
the same generalized character
∑
σ˜∈Zm
χσ˜ζ . In this case the matrix S will
be given by:
S =


mS˜µ,ν nσζ S˜µ,ζb S˜µ,Rj
nσζ S˜ζa,ν ya,b
nσζ
n
S˜ζ,R
S˜Ri,ν
nσζ
n
S˜R,ζ xi,j

 , (3.2)
where a, b = 1, .., n
nσζ
and i, j = 1, ..., n. The fusion rules between primary
fields φζa may be calculated in a way similar to what was done for the
primary fields corresponding to the fixed point R. Note that the equations
for x, z are the same so that fusion rules between fields φRi are remained
unchanged.
4 Fusion rules of SU(n)2nr/Zm for n -even
For the even n at the level k = 2nr Eq.(2.16) leads us to
eiπ(
c
4
−6∆R) = e−i
π
2
r. (4.1)
For r even which is divisible by 4 the right hand side of the Eq.(4.1) is
equal to 1, and the result is identical to the discussed in the case of odd
n. For r even which is not divisible by 4 from Eq.(2.17) one may find
x − z = −1, and the only difference from the previously discussed result is
in the expressions for the x and z which lead to the different expression for
the fusion coefficients HRwRj ,Rl ,
HRR,R =
−2+3m−m2−3S˜R,R+3mS˜R,R+N
R
R,R
S˜0,R
m2S˜0,R
HR
′
R,R =
−2+m−3S˜R,R+mS˜R,R+N
R
R,R
S˜0,R
m2S˜0,R
HR
′′
R,R′ =
−2−3S˜R,R+N
R
R,R
S˜0,R
m2S˜0,R
. (4.2)
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If r is odd one may show that Eqs.(2.4) do not have solutions for m > 2.
Indeed denoting:
SRj ,Rl = xj,l, (4.3)
where we anticipate that the naive parameterization of the modular matrix
S which we used in Eq.(2.2) (only x and z) will not work. Using S2 = C we
have:
m∑
ζ=1
xj,ζxζ,l =
S˜2R,R − 1
m
+CRj ,Rl , (4.4)
plugging this into Eq.(2.4) we obtain:
S˜R,R −m
∑
η
CRj ,Rηxη,l = i(−1)
r+1
2 (1−mCRj ,Rl). (4.5)
Calculating xη,l from this equation we find:
xη,l =
S˜R,R − i(−1)
r+1
2 (1−mδη,l)
m
. (4.6)
Using Eq.(4) and Eq.(6) we get the following equality:
CRζ ,Rη =
2
m
− δζ,η, (4.7)
which shows that the only case which may be treated as reasonable solution
is when m = 2, since when m 6= 2 the fusion coefficients N0i,j are fractional.
In order to illustrate what happens we will consider the simplest example
corresponding to SU(2)4r/Z2, the generalization for arbitrary even n and
m = 2 is obvious from the previous discussion.
4.1 Example: SO(3)4r = SU(2)4r/Z2
Fig.2: Fusion graphs for SU(2)4r/Z2, whose incidence matrix is given by Nφ1
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In this case the matrix S is given by:
S =


2S˜µ,ν S˜µ,R1 S˜µ,R2
S˜R1,ν x z
S˜R2,ν z x

, (4.8)
where x and z are given by Eq.(6). Labeling primary fields by their isospin
j = m12 and repeating the same steps as in the Sec.(2) we arrive to the
following expression for the function f(m1):
f(j) = eiπj. (4.9)
The fusion rules are given by:
φi × φj =
∑
p 6=r(N
p
i,j +N
2r−p
i,j )φp +N
r
i,j(φr + φ
′
r)
φr × φr =
∑ r
2
p=0 φ2p r− even
φr × φ
′
r =
∑ r−2
2
p=0 φ2p+1 r− even
φr × φr =
∑ r−3
2
p=0 φ2p+1 + φ
′
r r− odd
φr × φ
′
r =
∑ r−1
2
p=0 φ2p r− odd
. (4.10)
For r = 4 this result was obtained in [14] and it is in agreement with our
result up to a type error. Note that the fusion ring when r = 4 is identical
to the fusion ring of SU(3)6/Z3.
Note added: While writing this work we received [16] which over-
laps part of the discussion here.
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APPENDIX
SU(3)12/Z3
The partition function is given by:
Z = |χ(0,0) + χ(0,12) + χ(12,0)|
2 + |χ(1,1) + χ(1,10) + χ(10,1)|
2 + |χ(2,2) + χ(2,8) + χ(8,2)|
2+
|χ(3,3) + χ(3,6) + χ(6,3)|
2 + |χ(0,3) + χ(3,9) + χ(9,0)|
2 + |χ(3,0) + χ(9,3) + χ(0,9)|
2+
|χ(1,4) + χ(4,7) + χ(7,1)|
2 + |χ(4,1) + χ(7,4) + χ(1,7)|
2 + |χ(5,5) + χ(2,5) + χ(5,2)|
2+
|χ(6,6) + χ(0,6) + χ(6,0)|
2 + 3|χ(4,4)|
2.
(..)
The primary fields are:
1 ↔ χ(0,0) + χ(0,12) + χ(12,0)
φ1 ↔ χ(1,1) + χ(1,10) + χ(10,1)
φ2 ↔ χ(2,2) + χ(8,2) + χ(2,8)
φ3 ↔ χ(3,3) + χ(3,6) + χ(6,3)
φ4 ↔ χ(0,3) + χ(3,9) + χ(9,0)
φ5 ↔ χ(3,0) + χ(9,3) + χ(0,9)
φ6 ↔ χ(1,4) + χ(4,7) + χ(7,1)
φ7 ↔ χ(4,1) + χ(7,4) + χ(1,7)
φ8 ↔ χ(5,5) + χ(2,5) + χ(5,2)
φ9 ↔ χ(6,6) + χ(0,6) + χ(6,0)
φ10, φ
′
10, φ
′′
10 ↔ χ(4,4)
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φ1 × φ1 = 1+ 2φ1 + φ2 + φ4 + φ5
φ1 × φ2 = φ1 + 2φ2 + φ3 + φ4 + φ5 + φ6 + φ7
φ1 × φ3 = φ2 + 2φ3 + φ6 + φ7 + 2φ8 + φ10 + φ
′
10 + φ
′′
10
φ1 × φ4 = φ1 + φ2 + φ4 + φ6
φ1 × φ5 = φ1 + φ2 + φ5 + φ7
φ1 × φ6 = φ2 + φ3 + φ4 + 2φ6 + φ8 + φ9
φ1 × φ7 = φ2 + φ3 + φ5 + 2φ7 + φ8 + φ9
φ1 × φ8 = 2φ3 + φ6 + φ7 + 2φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ1 × φ9 = φ6 + φ7 + φ8 + φ9
φ1 × φ10 = φ3 + φ8 + φ
′
10 + φ
′′
10
φ2 × φ2 = 1+ 2φ1 + 3φ2 + 2φ3 + φ4 + φ5 + 2(φ6 + φ7) + 2φ8 + 2φ9 + φ10 + φ
′
10 + φ
′′
10
φ2 × φ3 = φ1 + 2φ2 + 5φ3 + φ4 + φ5 + 3(φ6 + φ7) + 2φ8 + 2φ9 + 2(φ10 + φ
′
10 + φ
′′
10)
φ2 × φ4 = φ1 + φ2 + φ3 + φ4 + φ5 + φ6 + φ7 + φ8
φ2 × φ5 = φ1 + φ2 + φ3 + φ4 + φ5 + φ6 + φ7 + φ8
φ2 × φ6 = φ1 + 2φ2 + 3φ3 + φ4 + φ5 + 2(φ6 + φ7) + 3φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ2 × φ7 = φ1 + 2φ2 + 3φ3 + φ4 + φ5 + 2(φ6 + φ7) + 3φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ2 × φ8 = 2φ2 + 5φ3 + φ4 + φ5 + 3(φ6 + φ7) + 5φ8 + φ9 + 2(φ10 + φ
′
10 + φ
′′
10)
φ2 × φ9 = 2φ2 + 2φ3 + φ6 + φ7 + φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ2 × φ10 = φ(2,2) + 2φ3 + φ6 + φ7 + 2φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ3 × φ3 = 1+ 2φ1 + 5φ2 + 8φ3 + 2(φ4 + φ5) + 5(φ6 + φ7) + 8φ8 + 3φ9 + 3(φ10 + φ
′
10 + φ
′′
10)
φ3 × φ4 = φ2 + 2φ3 + φ4 + φ6 + φ7 + 2φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ3 × φ5 = φ2 + 2φ3 + φ5 + φ6 + φ7 + 2φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ3 × φ6 = φ1 + 3φ2 + 5φ3 + φ4 + φ5 + 4φ6 + 3φ7 + 5φ8 + 2φ9 + 2(φ10 + φ
′
10 + φ
′′
10)
φ3 × φ7 = φ1 + 3φ2 + 5φ3 + φ4 + φ5 + 3φ6 + 4φ7 + 5φ8 + 2φ9 + 2(φ10 + φ
′
10 + φ
′′
10)
φ3 × φ8 = 2φ1 + 5φ2 + 8φ3 + 2(φ4 + φ5) + 5(φ6 + φ7) + 7φ8 + 3φ9 + 3(φ10 + φ
′
10 + φ
′′
10)
φ3 × φ9 = 2φ2 + 3φ3 + φ4 + φ5 + 2(φ6 + φ7) + 3φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ3 × φ10 = φ1 + 2φ2 + 3φ3 + φ4 + φ5 + 2(φ6 + φ7) + 3φ8 + φ9 + 2φ10 + φ
′
10 + φ
′′
10
φ4 × φ4 = φ2 + φ5 + φ6 + φ9
φ4 × φ5 = 1+ φ1 + φ2 + φ3
φ4 × φ6 = φ2 + φ3 + φ6 + 2φ7 + φ8 + φ9
φ4 × φ7 = φ1 + φ2 + φ3 + φ5 + φ7 + φ8 + φ10 + φ
′
10 + φ
′′
10
φ4 × φ8 = φ2 + φ3 + φ6 + φ7 + 2φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ4 × φ9 = φ3 + φ5 + φ7 + φ8
φ4 × φ10 = φ3 + φ6 + φ8 + φ10
φ5 × φ5 = φ2 + φ4 + φ7 + φ9
φ5 × φ6 = φ1 + φ2 + φ3 + φ4 + φ6 + φ8 + φ10 + φ
′
10 + φ
′′
10
φ5 × φ7 = φ2 + φ3 + 2φ6 + φ7 + φ8 + φ9
φ5 × φ8 = φ2 + 2φ3 + φ6 + φ7 + 2φ8 + φ10 + φ
′
10 + φ
′′
10
φ5 × φ9 = φ3 + φ4 + φ6 + φ8
φ5 × φ10 = φ3 + φ7 + φ8 + φ10
φ6 × φ6 = 2φ2 + 3φ3 + 2φ5 + φ6 + 4φ7 + 3φ8 + 2φ9 + φ10 + φ
′
10 + φ
′′
10
φ6 × φ7 = 1+ 2φ1 + 2φ2 + 4φ3 + φ4 + φ5 + φ6 + φ7 + 3φ8 + 2(φ10 + φ
′
10 + φ
′′
10)
φ6 × φ8 = φ1 + 3φ2 + 5φ3 + φ4 + φ5 + 3(φ6 + φ7) + 5φ8 + 2φ9 + 2(φ10 + φ
′
10 + φ
′′
10)
φ6 × φ9 = φ1 + φ2 + 2φ3 + φ5 + 2φ7 + 2φ8 + φ10 + φ
′
10 + φ
′′
10
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φ6 × φ10 = φ2 + 2φ3 + φ4 + 2φ6 + φ7 + 2φ8 + φ9 + φ
′
10 + φ
′′
10
φ7 × φ7 = 2φ2 + 3φ3 + 2φ4 + 4φ6 + φ7 + 3φ8 + 2φ9 + φ10 + φ
′
10 + φ
′′
10
φ7 × φ8 = φ1 + 3φ2 + 5φ3 + φ4 + φ5 + 3(φ6 + φ7) + 5φ8 + 2φ9 + 2(φ10 + φ
′
10 + φ
′′
10)
φ7 × φ9 = φ1 + φ2 + 2φ3 + φ4 + 2φ6 + 2φ8 + φ10 + φ
′
10 + φ
′′
10
φ7 × φ10 = φ2 + 2φ3 + φ5 + φ6 + 2φ7 + 2φ8 + φ9 + φ
′
10 + φ
′′
10
φ8 × φ8 = 1+ 2φ1 + 5φ2 + 7φ3 + 2(φ4 + φ5) + 5(φ6 + φ7) + 7φ8 + 3φ9 + 3(φ10 + φ
′
10 + φ
′′
10)
φ8 × φ9 = φ1 + φ2 + 3φ3 + φ4 + φ5 + 2(φ6 + φ7) + 3φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ8 × φ10 = φ1 + 2φ2 + 3φ3 + φ4 + φ5 + 2(φ6 + φ7) + 3φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ9 × φ9 = 1+ φ1 + φ2 + φ3 + φ8 + φ9 + φ10 + φ
′
10 + φ
′′
10
φ9 × φ10 = φ2 + φ3 + φ6 + φ7 + φ8 + φ9 + φ10
φ10 × φ10 = 1+ φ2 + 2φ3 + φ4 + φ5 + φ8 + φ9 + φ10
φ10 × φ
′
10 = φ1 + φ2 + φ3 + φ6 + φ7 + φ8 + 2φ
′′
10
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